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Abstract
Functional determinant is computed exactly for quantum oscillations about periodic instantons
with non-trivial values of the Polyakov line at spatial infinity (or holonomy). Such instantons can
be viewed as composed of the Bogomolnyi–Prasad–Sommerfeld (BPS) monopoles or dyons. We find
the weight or the probability with which dyons occur in the pure Yang–Mills partition function. It
turns out that dyons experience quantum interactions having the familiar “linear plus Coulomb”
form but with the “string tension” depending on the holonomy. We present an argument that
at temperatures below the critical one computed from ΛQCD, trivial holonomy becomes unstable,
with instantons “ionizing” into separate dyons. It may serve as a microscopic mechanism of the
confinement-deconfinement phase transition [1].
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I. INTRODUCTION
Several years ago a new self-dual solution of the Yang–Mills equations at non-zero tem-
peratures has been found independently by Kraan and van Baal [2] and Lee and Lu [3].
I shall call them for short the KvBLL calorons. In the case of the simplest SU(2) gauge
group to which I restrict myself in this paper, the KvBLL caloron is characterized by 8
parameters or collective coordinates, as it should be according to the general classification
of the self-dual solutions with a unity topological charge. The most interesting feature of the
KvBLL calorons is that they can be viewed as composed of two “constituent” dyons; one is
the standard BPS monopole [4,5] and the other is the so-called Kaluza–Klein monopole [6].
I denote them as M,L dyons; explicitly their fields can be found e.g. in the Appendix of
Ref. [7].
The collective coordinates or the moduli space of the KvBLL caloron can be chosen in
various ways, however the physically most appealing choice is the six coordinates of the
two dyons’ centers in space −→z 1,2, and two compact “time” variables. When the spatial
separation of two constituent dyons r12 = |−→z 1 − −→z 2| is larger than the compactification
circumference 1/T the caloron action density becomes static and is reduced to the sum of
the static action densities of the two dyons. At r12T ≤ 1 the two dyons merge, and the
action density becomes a time-dependent 4d lump, see Fig. 1.
We use the gauge freedom to choose the gauge where the A4 component of the Yang–Mills
field is static and diagonal at spatial infinity, A4 → 12τ 3v, v ∈ [0, 2piT ]. The Polyakov line
or the holonomy at spatial infinity is then
1
2
TrL =
1
2
TrP exp
(
i
∫ 1/T
0
dtA4
)
→ cos v
2T
∈ [−1, 1]. (1)
At the end points (v = 0, 2piT ) the holonomy belongs to the group center, 1
2
TrL = ±1, and
is said to be ‘trivial’. In this case the KvBLL caloron is reduced to the standard periodic
instanton, also called the Harrington–Shepard caloron [8].
It has been known since the work of Gross, Pisarski and Yaffe [9] that gauge configurations
with non-trivial holonomy, 1
2
TrL 6= ±1, are strongly suppressed in the Yang–Mills partition
function. Indeed, the 1-loop effective action obtained from integrating out fast varying
fields where one keeps all powers of A4 but expands in (covariant) derivatives of A4 has the
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FIG. 1: The action density of the KvBLL caloron as function of z, t at fixed x = y = 0, with the
asymptotic value of A4 at spatial infinity v = 0.9piT, v = 1.1piT . It is periodic in the t direction. At
large dyon separation the density becomes static (left, r12 = 1.5/T ). As the separation decreases
the action density becomes more like a 4d lump (right, r12 = 0.6/T ). In both plots the dyons
are centered at z1 = −v r12/2piT, z2 = v r12/2piT, x1,2 = y1,2 = 0. The axes are in units of
temperature T.
form [10]
Seff =
∫
d4x
[
P (A4) + E
2fE(A4) +B
2fB(A4) + higher derivatives
]
,
P (A4) =
1
3T (2pi)2
v2(2piT − v)2
∣∣∣∣∣
mod 2πT
, v =
√
Aa4A
a
4, (2)
where the perturbative potential energy term P (A4) has been known for a long time [9,11],
see Fig. 2. The zeros of the potential energy correspond to 1
2
TrL = ±1, i.e. to the trivial
holonomy. If a dyon has v 6= 2piTn at spatial infinity the potential energy is positive-
definite and proportional to the 3d volume. Therefore, dyons and KvBLL calorons with
non-trivial holonomy seem to be strictly forbidden: quantum fluctuations about them have
an unacceptably large action.
Meanwhile, precisely these objects determine the physics of the supersymmetric YM
theory where in addition to gluons there are gluinos, i.e. Majorana (or Weyl) fermions in
the adjoint representation. Because of supersymmetry, the boson and fermion determinants
about dyons cancel exactly, so that the perturbative potential energy (2) is identically zero
for all temperatures, actually in all loops. Therefore, in the supersymmetric theory dyons
are openly allowed. [To be more precise, the cancellation occurs when periodic conditions
for gluinos are imposed, so it is the compactification in one (time) direction that is implied,
rather than physical temperature which requires antiperiodic fermions.] Moreover, it turns
3
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FIG. 2: Potential energy as function of v/T . Two minima correspond to 12TrL = ±1, the maximum
corresponds to TrL = 0. The range of the holonomy where dyons experience repulsion is shown in
dashing.
out [12] that dyons generate a non-perturbative potential having a minimum at v = piT , i.e.
where the perturbative potential would have the maximum. This value of A4 corresponds
to the holonomy TrL = 0 at spatial infinity, which is the “most non-trivial”; as a matter of
fact <TrL>= 0 is one of the confinement’s requirements.
In the supersymmetric YM theory there is a non-zero gluino condensate whose correct
value is reproduced by saturating it by the L,M dyons’ zero fermion modes [12]. On
the contrary, the saturation of the (square of) gluino condensate by instanton zero modes
gives the wrong result, namely
√
4/5 that of the correct value [13]. Recently it has been
observed [7] that the square of the gluino condensate must be computed not in the instanton
background but in the background of exact solutions “made of” LL, MM and LM dyons.
The first two are the double-monopole solutions and the last one is the KvBLL caloron.
As the temperature goes to zero, the LL and MM solutions have locally vanishing fields,
whereas the KvBLL LM solution reduces to the instanton field up to a locally vanishing
difference. Therefore, naively one would conclude that the dyon calculation of the gluino
condensate, which is a local quantity, should be equivalent to the instanton one, but it is
not. The fields vanishing as the inverse size of the system have a finite effect on such a local
quantity as the gluino condensate! This is quite unusual. The crucial difference between
the (wrong) instanton and the (correct) dyon calculations is in the value of the Polyakov
loop, which remains finite. In the N=1 SUSY theory, as one increases the compactification
circumference 1/T , the average <A4>= piT at infinity decreases, however the theory always
remains in the Higgs phase, in a sense. Instantons do not satisfy this boundary conditions
whereas dyons and calorons with the non-trivial holonomy do satisfy them.
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In the supersymmetric YM theory configurations having TrL = 0 at infinity are not
only allowed but dynamically preferred as compared to those with L = ±1. In a non-
supersymmetric theory it looks as if it is the opposite.
Nevertheless, it has been argued in Ref. [14] that the perturbative potential energy
(2) which forbids individual dyons in the pure YM theory might be overruled by non-
perturbative contributions of an ensemble of dyons. For fixed dyon density, their number
is proportional to the 3d volume and hence the non-perturbative dyon-induced potential as
function of the holonomy (or of A4 at spatial infinity) is also proportional to the volume.
It may be that at temperatures below some critical one the non-perturbative potential wins
over the perturbative one so that the system prefers <TrL>= 0. This scenario could then
serve as a microscopic mechanism of the confinement-deconfinement phase transition [14].
It should be noted that the KvBLL calorons and dyons seem to be observed in lattice
simulations below the phase transition temperature [15,16,17].
To study this possible scenario quantitatively, one first needs to find out the quan-
tum weight of dyons or the probability with which they appear in the Yang–Mills parti-
tion function. At the second stage, one has to consider the statistical mechanics of the
L,M,L,M dyons for fixed A4 at infinity and find the free energy of the system as function
of v ≡ √Aa4Aa4
∣∣∣|~x|→∞. Finally, one has to study this free energy as function of v at different
temperatures, to see what value of v (equivalent to the holonomy according to the formula
1
2
TrL = cos(v/2T )) is preferred by the theory.
Unfortunately, the single-dyon measure is not well defined: it is too badly divergent in the
infrared region owing to the weak (Coulomb-like) decrease of the fields. What makes sense
and is finite, is the quantum determinant for small oscillations about the KvBLL caloron
made of two dyons with zero combined electric and magnetic charges. Knowing the weight
of the electric- and magnetic-neutral KvBLL caloron one can read off the individual L,M
dyons’ weights and their interaction as one moves the two dyons apart.
The problem of computing the effect of quantum fluctuations about a caloron with non-
trivial holonomy is of the same kind as that for ordinary instantons (solved by ’t Hooft [18])
and for the standard Harrington–Shepard caloron (solved by Gross, Pisarski and Yaffe [9])
being, however, technically much more difficult. I remind the results of the above two
calculations in the next two sections. In Section 4 I report on the very recent result for
the KvBLL caloron [1]. Remarkably, the quantum weight of the KvBLL caloron can be
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computed exactly. It becomes possible because we are able to construct the exact propagator
of spin-0, isospin-1 field in the KvBLL background, which is some achievement by itself.
It turns out from the exact calculation of the KvBLL weight that dyons experience a
familiar “linear plus Coulomb” interaction at large separations. That is why the individual
dyon weight is ill-defined: their interaction grows with the separation. The sign of the
interaction depends critically on the value of the holonomy. If the holonomy is not too
far from the trivial such that 0.787597< 1
2
|TrL|< 1, corresponding to the positive second
derivative P ′′(v) (see Fig. 2) the L and M dyons experience a linear attractive potential.
Integration over the separation r12 of dyons inside a caloron converges. We perform this
integration in Section 6 assuming calorons are in the “atomic” phase, estimate the free energy
of the neutral caloron gas and conclude that the trivial holonomy (v = 0, 2piT ) is unstable at
temperatures below Tc = 1.125ΛMS, despite the perturbative potential energy P (v). In the
complementary range 1
2
|TrL|<0.787597, the second derivative P ′′(v) is negative, and dyons
experience a strong linear-rising repulsion. It means that for these values of v, integration
over the dyon separations diverges: calorons with holonomy far from trivial “ionize” into
separate dyons.
II. ORDINARY INSTANTONS AT T = 0
The usual Belavin–Polyakov–Schwartz–Tyupkin instanton [19] has the field
Aµ = A
a
µt
a =
−iρ2U [σ−µ (x− z)+ − (x− z)µ]U †
(x− z)2[ρ2 + (x− z)2] , σ
±
µ = (1,±i−→τ ). (3)
The moduli or parameter space is described by the center zµ (4), size ρ (1), and orientation
U (3). The action density TrF 2µν is O(4) symmetric, see Fig. 3.
As it is well known [18], the calculation of the 1-loop quantum weight of a Euclidean
pseudoparticle consists of three steps: i) calculation of the metric of the moduli space or, in
other words, calculation of the Jacobian composed of zero modes, needed to write down the
pseudoparticle measure in terms of its collective coordinates, ii) calculation of the functional
determinant for non-zero modes of small fluctuations about a pseudoparticle, iii) calculation
of the ghost determinant resulting from background gauge fixing in the previous step. In fact,
for self-dual fields problem ii) is reduced to iii) since for such fields Det(Wµν) = Det(−D2)4,
where Wµν is the quadratic form for spin-1, isospin-1 quantum fluctuations and D
2 is the
6
covariant Laplace operator for spin-0, isospin-1 ghost fields [20]. Symbolically, one can write
pseudoparticle weight =
∫
d(collective coordinates) · Jacobian ·Det−1(−D2), (4)
The functional determinant is normalized to the free one (with zero background fields) and
UV regularized by the standard Pauli–Villars method.
The 1-loop quantum weight of the BPST instanton has been computed by ’t Hooft [18].
If µ is the Pauli–Villars mass, i.e. the UV cutoff, and g2(µ) is the gauge coupling given at
this cutoff, the instanton weight is
e
− 8pi2
g2(µ)
∫
d4z d3U
dρ
ρ5
(µρ)8
1
4pi2
(
8pi2
g2(µ)
)4 {
C0 (µρ)
− 2
3
[
=Det−1(−D2)
]}
C0 = exp
[
−2γE
3
+
16
9
− log 2
3
− 2 log(2pi)
3
+
4ζ ′(2)
pi2
]
= 0.64191.
The last factor (in the curly brackets) is due to the regularized small-oscillation determinant;
all the rest is actually arising from the 8 zero modes. The combination µ
22
3 e
− 8pi2
g2(µ) = Λ
22
3 is
the scale parameter which is renormalization-invariant at one loop. Since the action density
is O(4) symmetric, the quantum weight depends only on the dimensionless quantity ρΛ
where ρ is the instanton size, and even this dependence follows trivially from the known
renormalization properties of the theory. Therefore, only the overall numerical constant C0
is the non-trivial result of the calculation. The prefactor g(µ)−8 is not renormalized at one
loop.
At two loops the instanton weight can be obtained without further calculations [21] if
one demands that it should be invariant under the simultaneous change of the cutoff µ and
g2(µ) given at this cutoff, such that the 2-loop scale parameter
Λ = µ exp
(
− 8pi
2
b1g2(µ)
) (
16pi2
b1g2(µ)
) b2
2b2
1
[
1 +O
(
g2(µ)
)]
,
b1 =
11
3
N, b2 =
34
3
N2,
remains fixed. The 2-loop instanton weight computed from this requirement is [22]
∫
d4z dU
dρ
ρ5
C0
4pi2
β(ρ)4 exp
[
−βII(ρ)+
(
4− b2
2b1
)
b2
2b1
ln β(ρ)
β(ρ)
+O
(
1
β(ρ)
)]
,
β(ρ) = b1 ln
1
ρΛ
, βII(ρ) = β(ρ) +
b2
2b1
ln
2β(ρ)
b1
.
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III. QUANTUM WEIGHT OF THE PERIODIC INSTANTON WITH TRIVIAL
HOLONOMY
The Harrington–Shepard caloron [8] is an immediate generalization of the ordinary
Belavin–Polyakov–Schwartz–Tyupkin instanton [19], continued by periodicity in the time
direction. The 1-loop quantum weight of the periodic instanton with the trivial holonomy
has been computed by Gross, Pisarski and Yaffe [9]. The weight is a function of the instanton
size ρ, temperature T and, after the renormalization, of the scale parameter Λ.
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FIG. 3: Action densities of the ordinary BPST instanton (left) and of the periodic Harrington–
Shepard instanton with trivial holonomy (right) as function of z, t at fixed x = y = 0. The former
is O(4) and the latter is O(3) symmetric. The size of the latter is ρ = 0.8 1T .
In fact, the dependence on Λ follows from the renormalization properties of the theory,
therefore the caloron weight is a non-trivial function of one dimensionless variable, ρT . At
ρT≪1 it reduces to the ’t Hooft’s result for the ordinary BPST instanton [18]. At ρT≫1
the caloron weight is [9]
∫ 1
T
0
dz4
∫
d3z
∫
d3U
∫ dρ
ρ5
C0
4pi2
(
8pi2
g2(µ)
)4
(Λρ)
22
3 (piρT )
8
3 e−
4
3
(πρT )2 . (5)
The last factor suppresses large calorons: it is the consequence of the Debye screening mass
which is nothing but the second derivative of the potential energy P (A4) at zero.
The vacuum made of these calorons was built using the variational principle in Ref. [23].
It turns out that the average of the Polyakov line 1
2
<L> grows rapidly from 0 to 1 near T ≈
ΛMS [24], however strictly speaking, there is no mass gap and no confinement-deconfinement
phase transition.
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IV. QUANTUM WEIGHT OF THE CALORON WITH NON-TRIVIAL HOLON-
OMY
We define the quantum weight of the KvBLL caloron in the same way as it is done
in the case of ordinary instantons and the periodic instantons, see eq.(4). The problem
of writing down the Jacobian related to the caloron zero modes has been actually solved
already by Kraan and van Baal [2]. Therefore, to find the quantum weight of the KvBLL
caloron, only the ghost determinant needs to be computed. The KvBLL caloron has only the
O(2) symmetry corresponding to the rotation about the line connecting the dyon centers,
and the determinant is a non-trivial function of three variables: the holonomy at spatial
infinity encoded in the asymptotic value of
√
Aa4A
a
4
∣∣∣|~x|→∞ ≡ v, the temperature T, and the
separation between the two dyons r12. Computing this function of three variables looks like
a formidable problem, however it has been solved exactly in Ref. [1].
We have followed Zarembo [26] and first found the derivative of the determinant
Det(−D2) with respect to the holonomy or, more precisely, to v. [The holonomy is
1
2
TrL = cos(v/2T )]. The derivative ∂Det(−D2)/∂v is expressed through the Green
function of the ghost field in the caloron background [26]. If a self-dual field is written
in terms of the Atiyah–Drinfeld–Hitchin–Manin–Nahm construction, and in the KvBLL
case it basically is [2,3], the Green function is generally known [27-29] and we build it
explicitly for the KvBLL case. Therefore, we are able to find the derivative ∂Det(−D2)/∂v.
Next, we reconstruct the full determinant by integrating over v using the determinant
for the trivial holonomy (5) as a boundary condition. This determinant at v = 0 is still
a non-trivial function of the caloron size ρ related to the dyon separation according to
r12= |z1−z2|=pi ρ2T , and the fact that we match it from the v 6= 0 side is a serious check.
Actually we need only one overall constant factor from Ref. [9] in order to restore the full
determinant at v 6= 0, and we make a minor improvement of the Gross–Pisarski–Yaffe
calculation as we have computed the needed constant analytically.
Depending on the holonomy, the M,L dyon cores are of the size 1
v
and 1
v
, respectively,
where v=2piT − v. At large dyon separations, r12≫1/T , the 1-loop KvBLL caloron weight
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can be written in a compact form in terms of the coordinates of the dyon centers [1]:
Z =
∫
d3z1 d
3z2 T
6C
(
8pi2
g2
)4(
ΛeγE
4piT
) 22
3
(
1
Tr12
) 5
3
(
2pi +
vv
T
r12
)
× (vr12+1)
4v
3piT
−1 (vr12+1)
4v
3piT
−1 exp [−V P (v)− 2pir12P ′′(v) + ...] ,
C =
64
pi2
exp
[
8
9
− 16 γE
3
+
2pi2
27
+
4 ζ ′(2)
pi2
]
= 1.031419972084 ,
P (v) =
1
12pi2T
v2v2, P ′′(v) =
d2
dv2
P (v).
This expression is valid at r12T≫1 but arbitrary holonomy, v, v∈ [0, 2piT ], meaning that it
is valid also for overlapping dyon cores.
V. DYON INTERACTION
At large separations, dyons (curiously) have the familiar “linear plus Coulomb” interac-
tion:
V (r12) = r12T
22pi
(
2
3
− 4 ν(1−ν)
)
− 1
r12
(
4
3pi
log
[
ν(1−ν)(2r12T )2
]
+ 1.946
)
+. . . , ν ≡ v
2piT
∈ [0, 1].
This interaction is a purely quantum effect: classically dyons do not interact at all since the
KvBLL caloron is a classical solution whose action is independent of the dyon separation.
When the holonomy is not too far from trivial, 0.788 < 1
2
|TrL| < 1, such that P ′′(v) > 0,
dyons inside the KvBLL caloron attract each other, and calorons can be stable. At v→ 0
this attraction is in fact the well-known effect of the suppression of large-size calorons owing
to the non-zero Debye mass, cf. eq.(5):
exp
(
−4pi
3
r12 T
)
= exp
(
−4
3
(piρT )2
)
, (6)
More generally, the coefficient in the linear term is the second derivative of the potential
energy P ′′(v). Therefore, in the complementary range, 1
2
|TrL| < 0.788, where the second
derivative changes sign, dyons experience a strong linearly rising repulsion, see Fig. 2. For
these values of v, integration over the dyon separation diverges: calorons with holonomy far
from trivial “ionize” into separate dyons.
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VI. CALORON FREE ENERGY AND INSTABILITY OF THE TRIVIAL HOLON-
OMY
Let us make a crude estimate of the free energy of the non-interacting N+ calorons and
N− anti-calorons at small v < piT
(
1− 1√
3
)
where the integral over dyon separation inside
the KvBLL caloron converges:
Zcal =
∑
N+,N−
1
N+!N−!
(∫
d3z T 3 ζ
)N++N−
exp (−V P (v))
fugacity ζ ≃
∫ ∞
0
dr12 (dyon weight) exp
[
−2pir12T
(
2
3
− 4ν(1−ν)
)]
= exp
[
−V T 3F (ν, T )
]
where
F (ν, T ) =
4pi2
3
ν2(1−ν)2 − 2 ζ(T, ν), ν = v
2piT
, (7)
is the free energy of the non-interacting caloron gas.
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FIG. 4: Free energy of the caloron gas in units of T 3V at T = 1.3Λ (dotted), T = 1.125Λ (solid)
and T = 1.05Λ (dashed) as function of the asymptotic value of A4 = v, in units of 2piT .
At high temperatures the free energy is dominated by the perturbative energy P (A4).
Calorons are lowering the free energy but their non-perturbative effect is small. Therefore,
the minimum corresponds to the holonomy being close to the trivial one.
However, below the critical temperature Tc = 1.125Λ trivial holonomy becomes unstable,
and the system rolls to large v where dyons repulse each other. To find the free energy at
large values of v, one has to consider the statistical mechanics of the interacting system
of L,M,L,M dyons carrying all four possible combinations of the electric and magnetic
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charges. This has not been done. One can expect, however, that the minimum of the full
free energy below Tc will occur at v = piT corresponding to TrL = 0. Probably it will
mean confinement, with the correlator of two Polyakov lines decaying as an exponent of the
separation times the second derivative of the free energy at v = piT , and with the area law
for the spatial Wilson loop determined by the magnetic screening length.
VII. SUMMARY
1. The KvBLL caloron is “made of” two Bogomolnyi–Prasad–Sommerfeld monopoles or
dyons and characterized by non-trivial holonomy, 1
2
TrL 6= 1,−1 (in SU(2)). It is self-dual,
and has one unit of topological charge.
2. The quantum weight, or the probability with which KvBLL calorons appear in the YM
partition function has been computed exactly at 1-loop.
3. At large separation of constituent dyons, they experience a linear rising attraction if
1
2
|TrL| ≈ 1 or repulsion if 1
2
|TrL| ≈ 0.
4. At very high temperatures only calorons with trivial holonomy survive (1
2
|TrL| = 1). At
temperatures below critical Tc ≃ 1.125Λ trivial holonomy becomes unstable, and calorons
“ionize” into separate dyons. It may be that at this point the confinement-deconfinement
transition takes place.
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